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Abstract. We construct Nakajima's quiver varieties of type A in terms of affine Grass- 
mannians of type A. This gives a compactification of quiver varieties and a decomposition 
of affine Grassmannians into a disjoint union of quiver varieties. Consequently, singu- 
larities of quiver varieties, nilpotent orbits and affine Grassmannians are the same in 
type A. The construction also provides a geometric framework for skew (GL(m), GL(n)) 
duality and identifies the natural basis of weight spaces in Nakajima's construction with 
the natural basis of multiplicity spaces in tensor products which arises from affine Grass- 
mannians. 



Dedicated to Igor Frenkel on the occasion of his 50-th birthday 



1. Preliminaries 

1.1. Quiver varieties of type A. We recall Nakajima's construction of simple repre- 
sentations of SL(n), cf. ||N1 , W2 \. Let I — {1, . . . , n — 1} be the set of vertices and H be 



the set of arrows of the Dynkin quiver of type A n -\. For an arrow h G H we denote by 
h' E I and h" G / its initial and terminal vertices. For a pair v, d in Z> take C-vector 
spaces Vi and A of dimensions diml^ = Vi and dim Di — di, i G I. Consider the affine 
space 

M(v, d) = Hom(W, V h n) ® Hom(A, VA © Hom(V is A) 
heH iei iei 

with the natural action of the group G(V) = Wi^GLiVi). Let m : M(v,d) — > q(V) be 
the corresponding moment map into the Lie algebra fl(V). Denote A(v,d) = m _1 (0). 

Nakajima's quiver variety VJl(v,d) is the geometric quotient of A s (v,d) by G(V), where 
A s (v , d) is the set of all stable points in A(v, d) (so A s (v, d)/G(V) is the set of C-points of 
Wl(v, d)). The quiver variety Wl (v,d) = A(v, d)//G(V) is the invariant theory quotient 
(the spectrum of the G(V) -invariant functions). There is a natural projective map p : 
Wl(v,d) -> 9Jl (v,d), cf. and following Maffei @], denote its image by Wli(v,d) = 

p(M(v,d)) C SWo(u,d). Finally, let £(u, dJ^p-^O) C £0t(u,d) and denote by H{£{v,d)) 
its top-dimensional Borel-Moore homology. 



1.2. Theorem. |N2| , IC.m] The space ©„W(£(?;,d)) has the structure of a simple SL(n)- 
module with the highest weight d (i.e., J2i diUJi for the fundamental weights ui). The 
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summand Tl(£(v,d)) is the weight space for the weight d — Cv, where C is the Cartan 
matrix of type A n _i. 



1.3. Prom SL(n) to GL{n). We may consider © v 7i(£(u, d)) as a representation W~ x 
of GL{n) with highest weight A, where A = \(d) = (A 1; A 2 , . . . , A n ) is a partition of 
N = Y^jZi jdj defined as follows: Aj = Y^j=i^j (here d n = 0). Then 7i(£(t>,cf)) is the 
weight space W\(a), where = t> n _i + YTj=i(.d — Cv)j (here (d— Cv) n = 0), cf. |[N1| , 8.3]. 



1.4. Affine Grassmannians of type A. We recall the construction of representations 
of G = GL(m) in terms of its affine Grassmannian Qg, cf. ||L1| , |G2| , M V ] . Let V be a vector 



space with a basis {ei, . . . , e m } and V((z)) = V ®c L = V ®c A lattice 

in V((z)) is an C[[z]]-submodule L of V((z)) such that L ® C[W] C((z)) = V((z)). The 
affine Grassmannian Qq is an ind-scheme whose C-points can be described as all lattices 
in V((z)) or as G((z))/G[[;z]]. Its connected components G(n) are indexed by integers 
AT e Z, and if AT > then G(n) contains Gn = {lattices L in V((z)) such that L C 
L, dimL/Lo = AT}. To a dominant coweight A G Z m of G, one attaches the lattice 
L\ = ©5" Ctt- 2 ]]"- 2 ^ 6 !- The G [[2;]] -orbits £a m Gg are parameterized by the dominant 
coweights A via G\ = G[[z]]-L\. Finally, we denote by L <0 G the congruence subgroup of 
the group ind-scheme i.e., the kernel of the evaluation z~ l 1— > 0. 

The intersection homology of the closure Gx is a realization of the representation V\, and 
the convolution of IC-sheaves corresponds to the tensor products of representations, cf. 
IGT2L KTVB. 



1.5. Resolution of singularities. The closure of the orbit in Gn has a natural 
resolution. The G[[2;]]-orbits in Gn correspond to /x's which may be considered as partitions 



of N (into at most m parts). Any permutation a = (a 1; 



ei, 



of the partition fi dual 



to fi defines a convolution space = Q Uai * ■ ■ ■ * G t 
coweight of G, and a resolution of singularities tt 



, where ui^ is the k-th fundamental 
cf. iMVj. 



n a : G a 



2. Nilpotent cones of type A 

2.1. n-flags ||G1| , |CG|| . Let us fix a vector space D of dimension N. Let M = N(D) be 
the nilpotent cone in End(-D). The connected components F n ' a of the variety of n-step 
flags in D are parameterized by all a G Z™ such that N = J^ILi ai '■ 

jrn,a = {o = FoCF 1 CF 2 C...CF n = D\ dimF; - dimF;_i = a*}. 

Its cotangent bundle is M n ' a = T*F n > a = {(u,F) G M x T a \ u(Fi) C F^}. Denote by 
m a : A/" n,a — >A/" the projection onto the first factor. 
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2.2. A transverse slice to a nilpotent orbit. Let s be a nilpotent operator on D, 
with Jordan blocks of sizes A = (Ai > A 2 > ■ ■ • > A m ). We construct a "transverse slice" 
T x to the nilpotent orbit 0\ C M at x, different from the one considered by Slodowy |Q, 
7.4]. In some basis e^j, 1 < k < A«, of D, one has x : e^j h- > tk-\,i (we set eo,i = 0). Now 

T x = {x + f, f G End(D) | f l k j = 0, if k ± K and = 0, if / > A,}, 

where / fc '^ : Cey — > Ce^j are the matrix elements of / in our basis. For a larger orbit O^, 
any permutation a = (ai, . . . , a n ) of the dual partition /2, gives a resolution T"= f m~ 1 (T x fl 
O^) C A/" n,a of the slice T X J=T X n O m to C A in O m . 



3. Main theorem 



3.1. From quiver data to affine Grassmannian data. We start with A n _i quiver 
data v, d G Z> such that 97t(t> , d) is nonempty. Take the SL(n) -weights d and d — Cv, 
and pass to GL(ra)-weights A and a as in subsection |1.3| . Now permute a to a partition 
jx = /2(a) = (/2i > /2 2 > • • • > fin) of N = Y!j={jdj- Finally, let A = (Ai, . . . , A m ) and 
/i = (fix, . . . , /t m ), where m = Yl^Ii De the partitions of iV (i.e., GL(m)-coweights) 
dual to A and fi respectively. 



3.2. Theorem. Let N, v, d, a, A, /t be as above. Let L x G (?g be the lattice corresponding 
to the coweight A, and let T\ be its L <0 G-orbit. There exist algebraic isomorphisms 
4>,(j),ip,ip such that the following diagram commutes: 



(1) 



dJl{v,d) 



SWi(u,d) 



T 



X,fl 



T x ng L 



and (-0 o 0)(O) = L\. In particular, t/> o restricts to an isomorphism £(t>, d) ~ 7r : (L> 



3.3. For d = (di, 0, . . . , 0) and A = (1, . . . , 1) the theorem above was proven in (or follows 
immediately from) ||L1| , |N1|| . The isomorphisms <fi (resp. <fi) is analogous to the isomor- 
phism constructed in [|N1|1 (resp. isomorphism conjectured in ||N1| , 8.6] and constructed 
[M] using a result from [|L2"|| ). However, our isomorphism <ft is given by an explicit 



in 



formula described as follows. Let us think of a point in 9Jli(v,d) as (closed orbit of) a 
quadruple ({Bi} ieI , {Bi} ieI , {pi} ieI , {ft}ie/) e where ^ G Rom(Vi,V i+1 ), 5; G 

Hom(Vi + i, VJ), ^ G Hom(ZA;,Vi), and g« G Hom(Vi,-Dj). We decompose the vector space 



D, dimD = N, direct sum: .D 
dimDj 



j l<h<j<n- 



-iD%, cf. 



where = C{e hii \ Xi= j}, 
dim Dj = dj (notation of jETl [2.2| , |3.1| ). Then for any / G End(-D) we consider 
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its blocks fj f : Df, -> D$. By definition, <j>(B,B,p,q) = x + f G N (notation of f£ 
where 



(2) fjjT - 

In particular, 0(0) = x. 



QjBj-i ■ ■ ■ Bh'+iBh'Bh'Bh'+i ■ ■ ■ Bji-ipji, if h — j, 
0, otherwise. 



3.4. Compactification of quiver varieties. A compactification of VJli(v, d) and DJl(v, d) 
is given by closures of their respective images under the embeddings Tt\(v, d) <^-» Q ^ and 

m(v, d) <?« 

3.5. Decomposition. The theorem implies a decomposition of £7^ into a disjoint union 
of quiver varieties 

(3) G,= □ □ SE«o(v,d)w. 

where WIq(v, d) y is a copy of quiver variety 9Jto(w, rf) for every point y e G ■ L\, and t>, d 



are obtained from A, /i by reversing formulas in subsection [L3 



3.6. Beilinson-Drinfeld Grassmannians. Recall the moment map m : M(v, d) — > 
£|(V) from subsection pTTT] . Any c = (ci Idy^ . . . , c n _i Idy n _J in the center of the Lie algebra 
q{V) defines A c (v, d) = m -1 (c), and then, as in [Q| , the "deformed" quiver varieties 
2Jl c (v, d) = A s c {v, d)/G{V) and DJl c {v, d) = A c {v, d)//G(V). We expect that in type A our 
theorem and decomposition (|3]) extend to a relation between deformed quiver varieties 
and the Beilinson-Drinfeld Grassmannians, cf. [IBD . 



For instance, when d = (d\, 0, . . . , 0) there is an embedding WIq(v, d) (GL{m)) of 

our quiver variety into the fiber of the Beilinson-Drinfeld Grassmannian over the point 
(0, ci, ci + ca, . . . , c x + ■ ■ ■ + c n _i) G AH 

The proofs and more details will appear in a forthcoming paper. 

Another example of a decomposition of an infinite Grassmannian into a disjoint union of 
quiver varieties can be found in ||BGK| (who generalized a result from ||W|| ). A part of 



adelic Grassmannian is a union of quiver varieties 3Jt c (t> , d) associated to affine quivers of 
type A. 

4. Geometric construction of skew (GL(ri),GL(m)) duality 

4.1. Skew Howe duality. Let V = C m and W = C n be two vector spaces. Then we 
have the GL(V) x GL( ^-decomposition |FJ 4.1.1]: 

(4) A N (V®W) = Q)V X ®W X , 
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where A varies over all partitions of N which fit into the n x m box, and V\ and W x are 
the corresponding highest weight representation of GL(m) of GL(n). This is essentially 
equivalent to natural isomorphisms of vector spaces 

(5) Eom GL{m) (A^V ® • • • <g> A a "V, V x ) ~ W x (a), 

where W^(a) is the weight space corresponding to the weight a = (a±, . . . , a n ). 

4.2. We construct a based version of the isomorphism (^), i.e., a geometric skew Howe 
duality. More precisely, with N, v, d, a, A as in pTT| , we identify the right hand side 
with TL{jt~ l (L\)) (notation from Theorem |37|) and the left hand side with H,(£(v,d)) 
by Theorem |1.2| . The identification of irreducible components Irr 7r _1 (LA) = lrr£(v,d), 
which follows from Theorem |3.2| , matches the natural basis of the space of intertwiners 
Hom ( ji( m )(A ai V r (8> • • -® A a "V, V\) arising from the affine Grassmannian construction (i.e., 
Irr 7r _1 (L A )), and the natural basis of the weight space W x (a) in the Nakajima construction 
(i.e., Irr £(v,d)). Altogether: 

Hom GL(m) (A ai V ® • • • ® A a "V V x ) ^ H{Tr'\L x )) ~ H(£(v, d)) ~ W x (a). 
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